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1 The Hardy-Littlewood-Sobolev Inequality

1.1 Failure of bounds for L! vector-valued maximal function

Let f:RY — 01 f = {fu}n>1 with |f(z)] = > n>1 [fn(x)]. We define the L' vector-valued
maximal function as M1 f(x) = > n>1 M fn(x). The the following claims fail:

1. [{z: Mif(z) > A} < ;|| fllr uniformly for A >0, f € L.
2. For 1 <p < oo, [[Mifllre < || fllze uniformly for f € LP.
Fix d = 1. Take [0, 1] and subdibide it into intervals Iy, ..., In of equal length. Let

17, 1<n<N
fn:
0 n > N.

Let f: {fn}nZL Then
|_Z’fn ) =1pyx) e LP  V1<p<oo,

n>1
[ fllr =1 V1 <p < o0.
On the other hand,

For z € [0,1], M f(z) > Z,EZ/EJ 2(n1/N) 2 log(NN). This tells us that
— 1
H{z: Myf(z) > TologN}\ > 1,

[M1f|lLe 2 log N.



1.2 The Hardy-Littlewood-Sobolev inequality

Theorem 1.1 (Hardy-Littlewood-Sobolev). Fiz 1 <p <r < oo and 1 < ¢ < oo such that

1—|—%:l+l. Then
p'q .
1 gl S A lpllgl e,

uniformly for f € LP, g € LY. In particular, for 0 < a < d,

[
B

S ANz,
L’l‘

provided 1 + % = % + 9.

Proof. Fix g € L%*°. We may assume that [|g|[¢~ = 1. We want to show that the

sublinear operator f KN f * g is of strong type (p,r). By the Marcinkiewicz interpolation
theorem, it suffices to show T is of weak type (p,r) for all 1 < p < r < oo such that

14+ 1/r =1/p+ 1/q. Say the target is strong-type (po,70). Then choose 1 < p; < py <
p2 < oo and write p% = p% + 1p;29. By Marcinkiewicz, if T' is of weak-type (pi,71) and

(p2,72), then T is of strong-type (pg,T), where
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Let’s show T is of weak-type (p,r):

o1 9@l > 21 5 (1)
We may rescale so that || f|l, = 1. Write g = g1 + g2 = glyjg)<ry + 91l{jg>r}- Then

o [(f *9)(@)| > A S Kz [(F xg1) (@) > A/2} + [z - [(f * g2) ()| > A/2}
By Chebyshev,

{a : [(f*g)(@) > A2} S ”f*:\sgl”?
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< )\stsfq-(szrp*S)/p’

Provided % >1+ % - %. Since 1 + % = % + z%’ this means that s > r.

On the other hand, by Chebyshev,

{a : [(f % g2)(@)] > N/2} S I * 92y

< I lplgaly

0 ([T le slanlte) > )l aa)

o0 p
<A (gl ) ( /R o da:)

< APRU-OP,
Optimize in R:
A~ Rs—as(1+1/s=1/p) _ \—p R(1-a)p
A\P—s = RU=a)(p—s) pa/p-(p—s)
\ = Rl-ata/p — pa(1/q+1/p=1) _ pa/r.
So we optimize at R = \"/4.
So
o+ 1F *gl(@) > A}| S A-Pxrfant=a
< \~Pp(l=r/q+r)
< )\—pr(1/r=1/q+1)
< \TP/p
<A
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Although we have just proven this claim, here is Hedberg’s proof of || f * ﬁHT S fllp

Whenever0<a<dand1+%:%+%.

Proof. Fix z € R%. Then

<f ' \1r> =/ \xf—(y;\a = /M_M s /|R rxf—(y;ra !
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On the other hand,

Optimize in R: choose
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